Abstract A rigorous method is presented to obtain-directly in the time domain and without the need for an integral transform over frequencies-the seismic response of horizontally layered, viscoelastic half-spaces due to arbitrarily distributed (or concentrated) sources. The method is based on exact expressions for the response of the underlying half-space cast in the wavenumber-time domain, and a complete modal solution in that domain for the layers. The proposed method is highly effective and avoids the problems of the usual propagator matrix method that arise when numerical integrations over both frequencies and wavenumbers are carried out, especially the waviness of the kernels due to resonances and reverberations in the layers when damping is light or even absent. Part I presents the basic methodology for the relatively simple case of antiplane SH sources in two-dimensional space, while Part II generalizes the concept to two-dimensional SV-P line sources and to threedimensional point sources, including seismic couples.
Introduction
Beginning with the pioneering works of Thomson (1950) and Haskell (1953) on propagator (or transfer) matrices and their improvements in the ensuing years, numerous articles on wave propagation in layered media have since appeared in the technical literature. Thus, the theory is now well understood, and except perhaps for some remaining computational issues, the problem is generally considered to have been solved (e.g., Herrmann, 2003.) . Moreover, there is currently no lack of practical methods available to obtain synthetic seismograms in such media. Examples are:
• Integral transform method with numerical integration over both frequencies and wavenumbers (e.g., Bouchon and Aki, 1977; Kennett, 1980 Kennett, , 1983 Luco and Apsel, 1983; Apsel and Luco, 1983; Schmidt and Tango, 1986; Xu and Mal, 1987; Hisada, 1994 Hisada, , 1995 . Although rigorous and convenient, the method is computationally intensive, and difficulties often arise because of slowly decaying tails of integrands and rapid variations of the integration kernels with frequencies and wavenumbers. Still, the latter can often be ameliorated by the use of complex frequencies (Phinney, 1965) . This method is very widely used.
• Normal modes method (e.g., Knopoff, 1964; Williams, 1970; Calcagnile et al., 1976; Porter and Reiss, 1985; Suhadolc and Panza, 1985; Haddon, 1984 Haddon, , 1986 ). An effective method based on the superposition of the natural modes of wave propagation in the frequency domain. Solutions in the time domain are obtained by Fourier synthesis. The normal modes follow from the solution of an eigenvalue problem for the layered system at hand. Most often only the real (i.e., propagating) modes are included, which precludes applying the method in the near field where the response may be dominated by evanescent modes. Although in principle the latter could be also included in the modal summation, their determination with search techniques is fraught with difficulties.
• Thin-layer method, or TLM (Lysmer, 1970; Waas, 1972) .
It is based on a finite-element solution in the direction of layering, while exact solutions are used for the remaining coordinate directions. In essence, it uses a modal solution and includes both the propagating and evanescent modes. The formulation allows all integrations over wavenumbers to be carried out in closed form for any type of line or point sources, blast loads, or seismic moments (Kausel and Peek, 1982) . For layered strata of finite depth and for laminated plates, it provides highly accurate and extremely effective solutions in both the near and far fields. However, elastic half-spaces of infinite depth underneath the layers can only be modeled by means of paraxial approximations supplemented by a buffer layer of appropriate thickness (Seale and Kausel, 1989; Park, 2002) . These paraxial boundaries break down at very low frequencies, and nonphysical reflections at the lower boundary caused by incomplete absorption of grazing rays can contaminate the response in the distant far field. These effects are ameliorated or even eliminated altogether by the use of adequately deep models and the inclusion of material attenuation. Closely related methods are those of Alekseyev and Mikhaylenko (1976/77 ) and of Olson et al. (1984) , Figure 1 . Elastic half-space subjected to arbitrary SH source at top surface.
which combine the finite element in the direction of layering with finite-differences methods for the two integrations over time and wavenumbers, and the direct solution method (DSM) of Ohminato (1984, 1986) , which is based on a discrete Rayleigh-Ritz formulation.
• Boundary-element method, or BEM (e.g., Sánchez-Sesma and Campillo, 1991) . BEM is based on the use of the fundamental solution for a full space, and it entails discretization of all material interfaces, including the free surface, with boundary-element nodes. Bouchon and Coutant (1994) also present a related, hybrid BEM approach combined with numerical integration over horizontal wavenumbers that now lies at the heart of the widely used AXITRA computer program. In principle, the BEM is powerful because it allows undulations in the layers and the modeling of arbitrarily shaped basins. However, the method is generally impractical in three dimensions because of the very large number of degrees of freedom and the immense, fully populated matrices it entails, unless one restricts the analyses to low frequencies only.
• Fully discrete methods based on finite differences and finite elements, usually in conjunction with absorbing (or transmitting) boundaries of various kinds (Komatitsch and Vilotte, 1998; Bielak et al., 2003; Komatitsch et al., 2004) . The method allows for arbitrary spatial variations in material properties, including inelastic and nonlinear effects. However, in three dimensions this method is generally prohibitively expensive, even when supercomputers are used. Thus, in simulations for three-dimensional problems sacrifices are always made in the temporal resolution (i.e., frequency content) of the source functions and the response.
In the ensuing pages, we present an alternative rigorous method to obtain the seismic response of horizontally layered, viscoelastic half-spaces elicited by arbitrarily distributed (or concentrated) sources anywhere in the medium. The method is cast directly in the time domain, no matter what the number of layers, so it dispenses with the need for an integral transforms over frequencies. Thus, it avoids the computational problems associated with resonances in the layers. The method is based on combining the exact expressions for the response in the underlying half-space formulated in the wavenumber-time domain, with a complete modal solution in that same domain for the layers, and provides accurate solutions in both the near and far fields. This article presents the basic methodology for the relatively simple case of antiplane SH sources, while the companion article (Kausel and Park, 2006) generalizes the concept to plane SV-P sources and to point (or other three-dimensional) sources, including seismic couples.
Preliminary Overview of Procedure
The proposed method consists of the following steps:
1. Find the normal modes of the layers alone, that is, in the absence of the half-space. This is accomplished by solving a linear eigenvalue problem for a pair of symmetric, block-tridiagonal, positive definite matrices, one of which contains the horizontal wavenumber as a parameter. 2. Using the results from the previous step, construct the impulse-response functions for the layers in the wavenumber-time domain, or k-t for short. 3. Combine the previous results with the impulse-response functions in k-t for the half-space, which are known in closed form. 4. Find the stresses across the interface between the layers and the half-space. 5. Combine the effect of these stresses with that of the source to find the displacements in k-t anywhere in the system. 6. Carry out an inverse Fourier transformation over wavenumbers into space-time.
Response of Homogeneous Half-Space in k-t
Using the abbreviation k-t to designate the wavenumber-time domain, consider an elastic half-space z Յ 0 of mass density q H and shear-wave velocity b H subjected to an SH source (i.e., in direction y) arbitrarily distributed over its surface, as shown in Figure 1 . Thus, the source term (i.e., the body force) is of the form (1) gives Park and Kausel (2004a) , see also Appendix III, the exact response at elevation z in the half-space caused by an impulsive, spatially harmonic SH source p(k, t) ‫ס‬ d (t) at the surface z ‫ס‬ 0 is given by
H is the arrival time of shear waves at depth d ‫ס‬ |z|; J 0 is the Bessel function of the first kind and order zero; n H ‫ס‬ 1/2Q H is the fraction of damping, with Q H (k) being the quality factor of the half-space (which can, but need not depend on k); H is the Heaviside (i.e., unit step) function; and g H is the impulse-response function (or Green's function) in the wavenumber-time domain for an impulsive, unit, spatially harmonic load. Hence, the response in k-t caused by the actual load being considered is given by the convolutioñ
, so this is also the response at the surface elicited by an external source p (x, t) at elevation z.
Response of Layered Half-Space in k-t
Consider next a layered system consisting of L material layers underlain by an elastic half-space H. Without loss of generality, we place the origin of coordinates at the interface of the layers and the half-space so that the layers have a positive vertical coordinate. To obtain the response in k-t, we resort to the principle of superposition and proceed to separate for this purpose the layered system from the half-space, thereby creating two distinct free bodies, one of which contains the source (Fig. 2) . We preserve dynamic equilibrium by applying appropriate, at first unknown tractions s (k, t) on the surface of the half-space, and equal and opposite tractions underneath the now free layers. Clearly, when these two systems are reassembled, the unknown external tractions cancel out, and we are back to our original problem. We examine first the case of a source somewhere within the layers and, thereafter, a source within the half-space.
Source within the Layers
The free layers can be visualized as a laminated plate subjected to two sources, namely the actual source p (k, t) d (z ‫מ‬ zЈ) within the system of layers, and the as yet unknown tractions ‫מ‬s (k, t) at the bottom interface, which equal the internal shearing stresses of the complete system at that location. Let g L (k, z, zЈ, t) be the impulse-response function of the layers in k-t at elevation z due to an impulsive, spatially harmonic source at elevation zЈ. In the next section, we provide a description of how to obtain effectively this function, but for now, we shall assume it to be known. Hence, by superposition the response anywhere in the layered system is given by the time convolutioñ
In particular, at the bottom interfacẽ
On the other hand, from the previous section, the displacement caused by s(k, t) at the surface of the half-space is Compatibility requires the two displacements in equations (6) and (7) to be equal at all times, which leads us to the Volterra integral equation of the first kind
We proceed at this point to discretize the convolutions in time by means of appropriate timesteps Dt such that t ‫ס‬ j Dt, j ‫ס‬ 0,1,2, . . . . Furthermore, we denote discrete values of the various functions in the convolution as Figure 2 . Separation of semi-infinite layered medium into a system of free layers
The discrete version of equation (8) is then
Evaluating equation (10) from time t ‫ס‬ 0 on, we obtain the sequential system
which leads immediately to the recursive system of equations for the unknown stresses
Having obtained the time history of the internal stresses at the interface of the layers and the half-space, we can proceed to compute the k-t response anywhere by means of equations (4), (5), and (7), and thereafter the x-t response from the inverse Fourier transformation
y y
Source within the Half-Space
Following exactly the same superposition procedure as in the previous section while taking into account the reciprocity principle, we obtain the counterparts to equations (5)- (8) and (12) as
Again, having obtained the time history of the stresses at the interface of the layers and the half-space, we can proceed to evaluate the response anywhere in the system.
Green's Functions in k-t for the Layers
In the previous section, we assumed the Green's functions for the layers g L (k, z, zЈ, t) to be known. In principle, these functions could be obtained in various alternative ways, but the most effective and accurate strategy consists in carrying out a complete modal superposition with the normal modes of the layered system. Physically, these modes represent free waves that can propagate in the medium in the absence of sources and constitute solutions to the wave equation in the layers of the form
in which x j (k) are the characteristic modal frequencies of free waves with given horizontal wavenumber k that can propagate in the layered plate, and j (z, k) are the corresponding modal shapes. In principle, both of these would follow from the solution to a transcendental eigenvalue problem, but by making use of the thin-layer method (TLM) described in Appendix I, this can be changed into a conventional, linear eigenvalue problem involving a pair of narrowly banded, symmetric, block-tridiagonal matrices for which highly effective subroutines are readily available. The modes are usually normalized so that
in which q(z) is the mass density. In a nutshell then, in the TLM the modes are obtained by solving a conventional eigenvalue problem of the form
in which A, G, and M are block-tridiagonal matrices that depend solely on the material characteristics of the layers, and k is a parameter. Also, both Ak 2 ‫ם‬ G and M are symmetric, positive definite matrices, so all eigenvalues are real and nonnegative. Thus, the normal modes j and frequencies (eigenvalues) x j can be found readily.
Using the normalized modes as basis functions to express the displacements, and carrying out a closed-form Fourier integration over frequencies, it can be shown (see Appendix II) that the impulse-response function for a viscoelastic system of free layers can be obtained as
in which n j ‫ס‬ 1/2Q j is the fraction of modal damping, with Q j ‫ס‬ Q j (k) being the modal quality factor, which may optionally depend on k, and in the absence of evidence to the contrary can be assumed to be the same in all modes. Also,
is the damped modal frequency. We recognize the first two factors in equation (22) as the impulse-response function of a viscously damped, single degree of freedom system with undamped frequency x j , damped frequency x dj , and unit modal mass. Thus, we have obtained a very efficient means to obtain the impulseresponse function for the free layers that consists of two steps: (1) solve a conventional, tridiagonal eigenvalue problem for a dense set of wavenumbers, and (2) apply equation (22) to obtain the impulse-response functions.
Modeling and Stability Considerations
A key step in the proposed method is the determination of the stresses at the interface of the layers and the halfspace by means of equation (12) for a source within the layers, or equation (18) for a source within the half-space. Because the stresses are projected forward in time by means of a discrete integration procedure, the computation may become unstable if the integration step Dt does not satisfy the so-called Courant condition. In essence, stability requires the timestep to be shorter than the shortest period T min of the system of layers, which is in turn controlled by the highest Figure 3 . Homogeneous layer underlain by an elastic half-space. The latter is subjected to a strikeslip seismic source (single SH couple) at a depth d below the common interface. frequency in the eigenvalue solution and depends on the model refinement:
We have found that Dt ‫ס‬ T min /4 suffices for stable computations.
As a general rule, the model should also be refined enough to be able to capture the frequency content of the excitation, that is, it should have enough thin layers so that the model's highest eigenfrequencies exceed the highest frequencies of the source by some factor, which is needed to avoid discretization artifacts. A strategy is to employ a refined TLM model, but include only those modes whose periods are longer than some pre-established threshold (and indeed, determine only these modes). This guarantees that the modes included in the modal summation are accurate in both frequency and modal shape.
A series of preliminary tests, not shown here, were carried out to ascertain the correctness, stability, and accuracy of the method presented (Park, 2002) . These tests included a model of a homogeneous layer over a half-space with identical material properties, which reproduced the known results for a homogeneous half-space. These tests were repeated with sources at various locations and using various spatial/temporal discretizations. Also, when an arbitrarily thick part of the half-space was included as part the model for the layers (i.e., the half-space interface was artificially shifted down by an arbitrary amount), the same results were obtained. Indeed, in the case of layers underlain by a halfspace, it was found that the robustness of computations improved by augmenting the system of layers with an additional transition layer with the same properties as the half-space that extends some moderate depth below the actual interface of the layers and the half-space.
Example
Consider a homogeneous layer (L) of thickness h ‫ס‬ 1 km underlain by an elastic half-space (H), which is subjected to a strike-slip seismic source at a depth d ‫ס‬ 2 km below the interface of the layer and the half-space. The response is desired for a total time of t max ‫ס‬ 10 sec up to a maximum range x max ‫ס‬ 4 km. The origin of coordinates is placed at the bottom of the layer, which coincides with the top of the half-space. Both the layer and the half-space are assumed to be fully elastic (i.e., no attenuation!). The material properties are as follows:
The seismic source is idealized by the body-force equivalent (see Fig. 3 )
in which t d ‫ס‬ 1 sec is the duration of source; a ‫ס‬ 0.1 km is the half-width of source, and A is an arbitrary source intensity that can be defined in terms of the total seismic moment, which is given by
Modal Solution
For this special case, the exact solution for the normal modes and the Green's functions of the free upper layer can be found (see Appendix II). They are:
and in particular
Rather remarkably, it is also possible to obtain in this case the exact solution for the discrete TLM model with n equal thin layers (Park, 2002) . When this is done, it is found that the discrete modes are exactly the same as those for the continuum formulation, except that they are evaluated only at the interfaces and differ slightly in the normalization factor, and that the modal frequencies are given by
For modal indices j Ͻ n/2, this formula produces virtually exact results, because , and .
In the ensuing, only the exact modes are used.
Wavenumber Content of Source
Omitting the dependence on t and z, the spatial Fourier transform of the source is
(Note that this function is not singular at ka ‫ס‬ p.) We see that the amplitude of the source decays with the square of the horizontal wavenumber; it can be neglected for, say, ka Ͼ 4p. Thus, this establishes the maximum wavenumber k max ‫ס‬ 4p/a ‫ס‬ 40p needed in the inverse Fourier transformation over wavenumbers. Also, since the maximum range is x max ‫ס‬ 4 km, while the maximum time of interest is t max ‫ס‬ 10 sec, we could allow the presence of an image source at a distance of b max t max ‫ם‬ a ‫ס‬ 2 ‫ן‬ 10 ‫ם‬ 0.1 Ϸ 20 km from the most distant receiver because the waves elicited by this additional source would not have enough time to contaminate the response. Thus, within this time window, the actual source could be replaced by a periodic array of sources placed at 24 km from one another, which in turn means that the Fourier integral over wavenumbers can be replaced by a Fourier series with a wavenumber step
Thus, the discrete inverse Fourier transform over wavenumbers will have at most N ‫ס‬ 40p/(p/12) ‫ס‬ 480 points (i.e., 512 if using an fast Fourier transform).
Frequency Content of Source and Timestep Needed
Omitting the dependence on x (or k) and z, the temporal Fourier transform of the source is
The source strength decreases with the cube of the frequency and can be neglected above, say, x max t d ‫ס‬ 4p. Thus, the modal summation will contain enough modes if the highest modal frequency included in the computation is not less than this threshold, that is:
Evaluating this expression first for ka ‫ס‬ 0, we find that the number of modes needed should be no less than
that is, at least four modes are necessary. Next, we repeat the evaluation, but this time for k max a ‫ס‬ 4p, which yields a first upper bound to the timestep as
2 2 2 400 ‫ם‬ j 2 ‫ן‬ 1 1
Choosing j max ‫ס‬ 4 for the modal summation, then Dt Յ . Alternatively, if we in-1/2/ 400 ‫ם‬ 16 ‫ס‬ 0.0245 sec Ί crease the maximum number of modes to, say, j max ‫ס‬ 10, then the bound to the timestep must drop correspondingly to which can conDt Յ 1/2/ 400 ‫ם‬ 100 ‫ס‬ 0.0223 sec Ί veniently be rounded down to Dt ‫ס‬ 0.02 sec, if desired. To obtain accurately the 10 modes employed in this case, a TLM model with at least 20 thin layers would be needed to obtain discrete modes that are virtually indistinguishable from the exact modes (but, of course, in this special case we can use instead such exact modes).
On the other hand, the timestep must also be shorter than the shortest period in the impulse response function of the half-space. From equation (3), we see that this period is defined by the shortest period in the Bessel function, which is k max b H T min ‫ס‬ 2p, so
The second upper bound in equation (37) is smaller than the previous one in equation (36) so the timestep in this example is controlled by the half-space. Hence, in our computations we have chosen the use of 10 modes and a time step Dt ‫ס‬ 0.004. Figure 4 shows a series of eight snapshots of the calculated displacement field u y at times t ‫ס‬ 0.5, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5, and 4.0 sec. To improve the visualization, we have normalized the displacement field in each snapshot with respect to the maximum amplitude in that snapshot. Hence, the amplitudes are somewhat exaggerated in snapshots for late times, because displacements evanesce as time goes by. The location of the wavefront in each snapshot is consistent with the position of the source and the magnitude of the wave velocities of the layer and the half-space used for this example. In the last three snapshots, one can also observe Love waves that result from seismic energy becoming trapped in the upper layer.
Finally, Figure 5 shows a seismogram for the motions at the free surface in the range from 0 to 4 km for a strikeslip source at a depth of 3 km, as described earlier. The dashed lines indicate the theoretical arrival times of the direct wave and of the first three reflections, which agree with the start of the undulations in the seismograms. Observe also that the polarization is reversed after each reflection but not for the transmitted wave, in agreement with expectations. Also, the amplitude of the response is lowest in the epicentral area because of the directivity pattern of the source.
Proposed Method versus Classical Methods
The proposed new method has computational characteristics that may make it attractive for the construction of theoretical seismograms in horizontally layered media in both two and three dimensions (the latter case is considered in the companion article [Kausel and Park, 2006] . Whether or not this algorithm will ultimately gain widespread acceptance is still too early to tell, especially because of our as yet limited experience with it. Indeed, further studies assessing its relative accuracy in comparison to other methods (as function of number of layers, maximum range, depth of source, frequency content, etc) are still due, although we have reasons to believe that it will be both accurate and competitive.
Among the advantages, it avoids the numerical transform over frequencies, but achieves this at the modest expense of having to solve a discrete convolution in time for the interface stresses at the lower horizon and also solve a linear eigenvalue problem for the layers at each horizontal wavenumber; these are computational steps that may introduce their own numerical idiosyncrasies. On the other hand, and with the exception of the discrete convolution for the interface stresses between the layers and the half-space that must be evaluated with appropriately small timesteps to guarantee stability and accuracy, the method allows the computation of the response at arbitrarily large timesteps, and up to an arbitrary time limit. As in the standard method based on discrete integration over wavenumbers and frequencies, the expense of the method increases in proportion with the maximum range and time for which the response functions are desired. This is so, because the wavenumber step is inversely proportional to the distance between the periodic sources, and this distance has in turn to be large enough to prevent contamination from neighboring sources.
Another consideration is the wavenumber integration by itself. Our functions do not contain any singularities, even in the absence of damping, so the integration kernels are smooth and well behaved. If the receivers at which the seis-mograms are desired are limited in number-say a few dozen-then a direct numerical integration over horizontal wavenumber "on the fly" is far more effective than the use of the Fast Fourier transform. This has the additional advantage that the response in the wavenumber domain need not be stored for later use in the inverse Fourier or Hankel transforms into the spatial domain.
Conclusions
A new and effective computational method for the simulation of synthetic seismograms in layered half-spaces has been presented. The proposed algorithm has the following advantages and characteristics:
• The response is found directly in the time domain by Fourier synthesis over horizontal wavenumbers, so computationally problematic inverse transforms over frequencies are avoided. This advantage is achieved by combining the impulse-response function for the layers, obtained by means of a modal superposition, with the exact expressions for the impulse response of the half-space.
• The computation remains robust and stable even in the absence of material attenuation, that is, for fully elastic media, as in the example presented.
• Soils with attenuation can straightforwardly be modeled by adding material damping, which in turn can be an arbitrary function of the horizontal wavenumber (i.e., of the wavelength).
• The method allows for seismic sources with arbitrary spatial and temporal variation. Moreover, these sources could be located either in the surficial layers or in the underlying half-space, without affecting the complexity of the problem or the computational effort.
• The methodology presented in this article is readily adapted also to acoustic sources within fluid layers. In addition, it can be extended to plane SV-P sources as well as point sources, as described in a companion article. It is important to use these limiting values, and not zero, when starting the equations given in the main body of this article.
latter, we obtain a damping model that mimics in many respects the characteristics of material damping. Concerning the layers above the half-space, material damping can be simulated by taking the same fraction of modal damping in every mode (i.e., inde-1 n ‫ס‬ n ‫ס‬ /Q j 2 pendent of the modal frequency), and to consider this fraction to be independent of the wavenumber. It can then be shown that one obtains results for the modal superposition in the layers that are virtually indistinguishable from those obtained with inelastic attenuation models cast in the frequency domain, that is, with hysteretic, frequency-independent damping. This is so because there is only a negligible difference in the impulse-response functions of two single degree-of-freedom oscillators with equal fractions of damping, the first of which is viscous whereas the second is hysteretic, as is demonstrated in some books on mechanical vibration. Unless damping is heavy, the slight noncausality in the latter is negligible. More detailed considerations of damping and its variation with the horizontal wavenumber will be explored in a separate article by us in the near future. 
